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We introduce a Blocli-like basis in a C-component lowest Landau level fractional quantum Hall 
effect (FQH) , which entangles the real and internal degrees of freedom and preserves an x Ny full 
lattice translational symmetry. We implement the Haldane pseudopotential Hamiltonians in this 
new basis. Their ground states are the model FQH wavefunctions, and our Bloch basis allows for a 
mutatts mutandis transcription of these model wave functions to the fractional Chern insulator of 
arbitrary Chern number C, obtaining wavefunctions different from Barkeshli and Qi p^. For C > 1, 
our wavefunctions are related to color-dependent magnetic-flux inserted versions of Halperin and 
non-Abelian color-singlet states. We then provide large-size numerical results for both the C = 1 
and C = 3 cases. This new approach leads to improved overlaps compared to previous proposals. 
We also discuss the adiabatic continuation from the FCI to the Bloch-like basis model, both from 
the energy and entanglement spectrum perspectives. 
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Recently, several groups showed that gapped topologi- 
cal phases resembling the fractional quantum Hall (FQH) 
effects can be stabilized in a flat band with Chern num- 
ber C ^ by strong electronic interactions in the ab- 
sence of a magnetic field [5H1]. These are named frac- 
tional Chern insulators (FCI). Most of the research ef- 
forts have been focused on the case of C = 1: in various 
lattice models (SHS], several groups have provided com- 
pelling evidence [2H11 [SMS] for the presence of the Read- 
Rezayi series [TDHT^ [Ml E5] as well as the composite- 
fermion PS1E5] FQH states. The correlated phases in 
Chern bands with C > 1 [Tl however, are more 

intricate. Numerical studies found both bosonic [32H34] 
and fermionic [33( I35j topological phases resembling the 
color-SU(C) version of the Halperin [55] and the non- 
Abclian spin-singlet [37] (NASS) states [31], but with 
clear deviations |34) . 

To understand these novel topological phases, a series 
of approaches were put forward. For C = 1, one can 
identify the nature of these states 1) through a folding 
principle [4j fTO' that links the FCI and FQH quantum 
numbers, 2) through the entanglement spectrum [381 139j 
of the ground states [H |TT] , and 3) through overlaps with 
model states obtained from replacing the LLL orbitals 
with hybrid Wannier states, but leaving the occupation- 
number weights unchanged [U HO] . After proper gauge 
fixing [41], high overlaps were obtained f^P-'S^ from the 
last approach and FCTFQH adiabatic continuity was 
demonstrated [I^liS] . 

For C > 1, the finite-size numerical results are harder 
to understand. The FCI equivalent of the Halperin 
states was proposed to occur at Abelian filling factors [T] . 
The particle entanglement spectrum [33] , however, shows 
clear discrepancy from such states. We are also un- 
able to consistently implement the exclusion principle for 
colorful FQH model states [44l |45] in the Wannier ba- 
sis. Naively, a C-component quantum Hall system con- 



tains C decoupled copies of LLL, each having a unity 
Chern number over a Brillouin zone (BZ) consisting of 
= NxNy/C momenta [10]. This appears to be 
very different from the single Chern number C mani- 
fold of the lattice BZ of N^Ny momenta, especially when 
N^Ny/C i Z. 

In this Letter, we break away from previous approaches 
and construct in a C-component LLL a momentum- space 
basis that mimics the Nx x Bloch states in the Chern 
band. These new one-body basis states entangle the 
color and the real spaces, and form a single x 
Brillouin zone with flat Berry curvature and Chern num- 
ber C, regardless of lattice size commensuration with C. 
This leads to a new mapping between FCI with arbi- 
trary C on a lattice of arbitrary size and a C-component 
FQH system. Our mapping operates directly in Bloch 
momentum space and utilizes the full lattice transla- 
tional symmetry, which removes the huge computational 
cost of [m 22] ■ For C = 1 , our construction is equiva- 
lent to the Wannier construction [30], except for a new 
gauge fixing that improves the overlaps (than [411 143] ). 
For C > 1, our model FCI states are equivalent to a 
new, color-dependent magnetic-fiux inserted version of 
the Halperin or the NASS states, different from the ex- 
isting proposal [T]. The FCI wavefunctions produced 
by our approach have the correct entanglement spec- 
trum [Til [33] ■ We demonstrate large overlaps for previ- 
ously unattained sizes between our model FCI wavefunc- 
tions and numerics for both C = 1 and the uncharted 
case of C > 1. 

Consider a translationally-invariant two-dimensional 
(2D) band insulator on an iV^ x Ny lattice with No or- 
bitals per unit cell indexed by b. The Bravais lattice 
is m^hx + rriyhy, with (mx,rny) G and the primi- 
tive translation vectors hx and bj,. We focus on a single 
Chern band of Bloch states |k), labeled by momentum 
k = J2a^aSa, with fc^ G Z and g„ • = 2TTSap/Nj3 
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(a,/3 € {x,y}). We use |k) and \kx,ky) interchangeably. 
The orbital b is embedded at €t relative to its unit cell 
coordinate in real space [41]. The projected density in 
the Chern band is [H US] 



in the LLL is 



BZ 

E 



k L 6 



|k)(k + q|, (1) 



where Ub(k) is the periodic part of the Bloch wavefunc- 
tion. At q — ga, the bracketed factor in Eq. ([T]) gives the 
band geometry through the non-unitary exponentiated 
Abelian Berry connection, Aa — J2b ^~'"^''^'"^bO^)''^bO^ + 
get). |,4Q(k)| contains the quantum distance between |k) 
and |k + go), while ^^(k) — Aa{'k)/\Aa(ii)\ is the uni- 
tary Berry connection between them. 

The gauge-invariant Wilson loops (geometric phases) 
can be obtained by parallel transporting around a close 
loop over the BZ torus. All the contractible loops con- 
sist of a product of loops around a single plaquette, 
namely PxPyiPyPx]^^ = X^k^ ^(k) W,(k) |k) (k|. Here, 
D(k) = \Axik)Ay{k + gx)A-\k + gy)A-Hk)\ e M is 
related to the non-uniformity of the quantum distance, 
and W.{k) = Ax{k)Ay{k + gx)[Ayik)Ax{k + gy)]^ G 
U(l) is the unitary Wilson loop around the plaque- 
tte with lower-left corner at k. For large enough 
and Ny, we can unambiguously extract Berry curva- 
ture /k — ^'^logWm{k^), with finite-size normaliza- 
tion convention X^k^ fk. — C. 9 takes the imaginary 
part in the principal branch 31og(z) G (— 7r,7r]. This 
gives a sharp finite-size formula for the Chern number, 
C = ^Ti'^\og[pxPy{pyPx)~^] ■ In addition to W,(k), 
there are also two independent now-contractible Wilson 
loops on the torus, related to charge polarizations: the 
Wilson loop around ky = 0, ^ Phase [(0|pf-|0)] 

{Nxgx\0)l\^l'o^ M^^Sx), with |0) = |k = 0), and the 
Wilson loop Wy around fc^: = defined similarly. 

The structure of geometric phases in the Chern band is 
fully specified by the collection of the Wilson loops W,(k) 
and Wa, a = x,y. We now build a LLL basis in (k^, ky) 
Bloch space, from which all properties of a Chern band 
with arbitrary Chern number can be translated mutatis 
mutandis. Diagonalizing the Haldane pseudopotentials 
in this basis gives us the FCI model wavefunctions. 

We consider electrons on a (continuum) torus 
(La;,Ly) {NxhxT Nyhy) with twist angle ^ in a mag- 
netic field B = Bez- The magnetic translations are 
r(d) = e-'<^-K, where K = -ihV - eA + eB x r. We 
adopt the Landau gauge A(r) = BxSy. The guiding- 
center periodic boundary conditions T(L(j) = 1 quantize 
the number of fiux quanta N^j, — L^Ly smO/ (SttZJ) to an 
integer [35]. We set it to = N^Ny in accordance with 
the Chern insulator [TnillD] for C = 1. The usual basis 



{x,y\]) = 



exp 
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N^Ly 
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To make contact with the Bloch states, we introduce a 
new LLL basis that diagonalizes translations in both di- 
rections, T(L„/7V„)|k) = e-^^'Tfcc./JV^ik)^ 



Ik) = 



1 



/Wx 



m=0 



''-/^^Ij = mNy + ky), (3) 



where k = fcaga lives on the lattice reciprocal to 
(Lj;, Lj,). These states are periodic in k^, \kx + N^, ky) ~ 
\kx,ky), but gwasi-periodic [W in ky, \kx,ky + Ny) = 
e-*2^'=-/^-|fc^,fcy). Each |k) satisfies r(L„) = 1. We 
find the LLL-projected density in the |k) basis, 

BZ 
k 

with q = J2a1aSa, 9q G 2- The Wilson loops are 

W,(k) = e'27r/W^^ py-^ ^ ^~i2^ky/Ny^ ^-^^ ^ gi27rfc,/Ar,^ 

Using Eq. Q, one can diagonalize any FQH Hamil- 
tonian FqPqP-q (including pseudopotential and even 
higher-body Hamiltonians) , directly in the |k) basis, and 
then translate the resulting wavefunction to the FCI by 
replacing |k) with the lattice Bloch states. The advan- 
tage of the new LLL basis [Eq. ([S])] is many-fold. The 
conditions for the relevance of the FQH state to FCI are 
explicit in this basis [Eq. Q]: the Berry curvature must 
not fluctuate wildly [S] and the quantum distance |50j 
over the Chern band must fall off with q rapidly, simi- 
lar to e~'^ '■b/^_ Eq. Q also allows a much simpler and 
more effective treatment of the curvature fluctuations in 
gauge fixing (see below). The most practical advantage 
of working directly in Bloch basis is the avoidance of the 
many-body Fourier transform in the Wannier prescrip- 
tion. This greatly simplifies the numerical implementa- 
tion and nearly squares the largest Hilbert space dimen- 
sion that we can study in numerics. 

We now turn to the case of C > 1 and construct a 
Bloch-like basis in the C-component LLL with N^j, = 
NxNy/C fiuxes that forms an x Ny BZ with fiat cur- 
vature and Chern number C . The starting point is to 
look for two commuting translation operators that re- 
solve an Nx X Ny BZ. The finite magnetic translations 
Ta — T(Lia/Na) secm natural, but they do not commute, 
TxTy — TyTxB^^^^^ . The cure must come from the color 
structure of the multi-component system. We assume a 
color-neutral Hamiltonian H. Two color operators P, Q 
(diagonal in real space) commute with the Hamiltonian, 



P\a) 



l(modC)), Q\a) 



(5) 
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|(t), with (T G Zc, are color eigenstates. Their commuta- 
tion relation PQ = QPe~^^'^^'~^ is complementary to that 
of Tx,Ty. The two color-entangled operators = T^P 
and Ty — TyQ commute with each other and H [ST]. We 
define the eigenstates |k) with r„|k) g-'^^*^"/^" |k), 



/ a \ X + ill 

27r i^ky + nNy + -NyJ—'' 



exp 

N4,Ly 



(ky+nNy + '^N,^ 



C 



(6) 



Due to [T(La),T^] 7^ 0, generically we have to abandon 
the boundary condition T(La) = 1, and adopt the color- 
entangled generalization T^" — 1, i.e. 



T{L,)P''- = T{Ly)Q''y = 1 



(7) 



This quantizes ka to integers. Since T^" commute with 
each other by construction, is not restricted to an inte- 
ger any more, unhke [1]. We only require Nx,Ny,C & Z. 
The |k) states are periodic in kx-i but ^Kflsz-pcriodic in /cy, 



I kx 1 ky 



Ny) 



-i2Trk^C/N^ 



\kx,ky). There are x Ny 



independent \kx, ky) states, which form a BZ of the same 
size as the lattice and with the same Chern number C. 
After summing over colors, the LLL-projected density op- 
erator pq = pqa in the color- entangled basis |k) takes 
identical form as in Eq. [4j except for the generalization 
Nff, — NxNy/C. The color-entangled BZ has flat curva- 
ture /k = l/iV0, as inferred from W,(k) = e'^T^/JV^ rpj^^ 
matrix elements of pq in the C-component LLL, which 
are the building blocks of the interacting Hamiltonian, 
are exactly equal to the C-th power of those in the single 
component LLL. Model wavefunctions of pseudopoten- 
tial Hamiltonians in the |k) basis can immediately be 
translated to the FCI with arbitrary C. Further, we can 
generalize the color-entangled boundary conditions in the 
LLL to T^" = e"'27r7„ ^ ^jjere the twist angle 7a G K cor- 
responds to flux insertions. This shifts the momentum 
k — > k + 7 with 7 = 7aSa- The connections become 
^^(k + 7), while the large Wilson loops around ka = 
are W^{-fy) = e-^'^^^^vl^y and Wyicix) = e*27rC7./w., 

Linking together the LLL |k) and the lattice |k) bases 
requires one additional step of gauge fixing. The con- 
nections over the LLL BZ are A^(k) = Q-^1■^ky|N^^ 
and Aj^(k) — 1 (superscript 'L' represents LLL). They 
satisfy the discrete analog of the Coulomb gauge con- 
dition |Slj, i.e. they can be expressed as Aj^(k) — 

exp ^— «27r [d;3'/''"]k^ in terms of a "stream func- 

tion", in this case (/){^ = {ky^Xjl)^ j {^N Here, d^ is the 
backward finite difference operator, defined by [d/ji^Jk — 
F^ — F^-^^ , and 0^ satisfies the discrete Poisson equation 



with curvature as source, [A^'^Jk = ^/N^, with discrete 

Laplacian given by [A^^]k = Ep*""^^" (^k+p - i^k)- We 
impose the same Coulomb gauge condition on the lattice 
connections, and handle separately the average and the 
fluctuations of the lattice BZ curvature: 



^targct(j^) =A^ik + 7) exp (-Z27r£a^[d^0]k) 



(8) 



The curvature average necessitates the first factor above. 
The shift 7 = X^a TcS" with 7^ e K is determined by 
W^at = W^{-fy) and W^^' = W^{-f^), and it accounts for 
the mismatch in the large Wilson loops between the two 
systems. The curvature fluctuations are attended by the 
exponential factor, where the stream function (/)k satisfies 
the discrete Poisson equation [A0]k = /k — l/^^, with 
boundary conditions [da(/)]k = [da^Jk-w^g^ (no summa- 



tion implied) and J2k''['^v 
In plain words, we require that the connection correc 
tions accounting for the curvature fluctuations should be 
periodic over the lattice BZ [53j, and they should not 
contribute to the large Wilson loops W^^ which have 
already been flxed by the A^^Ck-hj) factor. Up to an in- 
consequential k-independent constant, these conditions 
allow a unique solution (/)k = (fu 



0. 



N, 



h J2k=o ^ Efl £a/3[d^J¥']Kg„ , and 



Vykx - Vxky, with 



^i2Tr{k!cn^/N^+kyny/Ny) 



N^Ny ^^2cos{2Tm^/N^) + 2 cos(27rny/iVy) - 4 



BZ 



(Px /N^ +Pyny/Ny) 



where n = {nx,ny) runs over {[0 .. N^) x [0 .. Ny)}\{0, 0). 

^target (^j^j in Eq. Q is consistent with the actual 
(fluctuating) curvature over the lattice BZ. Starting 
from a set of single-particle Bloch states |k) with an 
arbitrarily chosen gauge and connections ^^(k), the 
gauge transform |k) — > e"»''|k) reproduces Ajif''s°*(k) at 
g.C. = iUtu' Ry{0,^mt'o' M^^ky)], with Ra{k) = 
A|f s°*(k)/Aa(k) [54]. Any many-body state over 
the our colorful LLL can be transcribed to the FCI, 



I*) 



{k} 



Ek 



|{k}) X Z({k}|vl/)L, 



(10) 



where is the color-entangled occupation- number 

basis in the LLL with twist 7 [551 . 

For FCI with C > 1, previous studies suggested that 
the equivalent FQH states are the SU(C) coloi- singlet 
Halperin states [TJ [331 IMl HZ] . They are the exact zero 
modes of the color-neutral LLL-projected Hamiltonian 
^^FQH — X]q ^PqP-qj whcrc q is summed over the in- 
flnite lattice reciprocal to (La;,Ly) and the interaction 
between color-neutral densities Pq = Pq^- is Vq = Vo 
for bosons and Vc^ = Vq -I- (1 — q^^g) Vi for fermions, with 
pseudopotential > |S5|. For the FQH effect in 2D 
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electron gas, the boundary conditions T(Lq) = 1 are im- 
posed separately on different color components. In the 
LLL description of a FCI, however, we require the sys- 
tem to be periodic under the color- entangled translations 
T^". This breaks the SU(C) symmetry. To compare 
with the Halperin SU(C)-singlet states, we examine the 
commensurate case N^/C G Z. The boundary conditions 
in Eq. ([t]) thread = aNy/C {color- dependent) mag- 
netic fluxes along the y direction into the cr-component 
of the LLL [SJ. In the one-dimensional localized basis 
for LLL [Eq. ([2|], this shifts the Landau orbitals of color 
a by ^o-Laj/iV^ in real space. Hence we propose that 
the Wannier mapping [1] be modified to identify the hy- 
brid Wannier states with our shifted LLL orbitals. In 
the generic, non-commensurate case, translation TiJL^) 
changes the color of the particle, due to T{\jx)P^^ = 1. 
Our construction thus provides a finite-size realization 
of the "worm-hole" connecting different color compo- 
nents [1]. 

We demonstrate the Bloch construction using the ruby 
lattice model (C = 1) [El and the two-orbital triangular 
lattice model (C = 3) [21]. We construct the FCI model 
states through Eq. ( 10 1 from the exact-diagonalization 



ground states of -ffpQH with color- entangled boundaries. 
We find high overlaps (Fig. [l^) and identical low-energy 
structure in the entanglement spectrum with the FCI 
ground states [TT] [31]. The 12-fermion Laughlin state 
on the ruby lattice model has a Hilbert space of dimen- 
sion 3.4 X lO"^. This state is well captured by the model 
wave function obtained from our construction (overlap 
~ 0.99). The triangular lattice model has decent over- 
laps, albeit lower than the ruby lattice model. 

To further examine our contruction for C > 1, we 
study the interpolation Hamiltonian Hx = (1 — A)_ffFCi + 
AffpQH , < A < 1 [421 HS] . For bosonic on-site density- 
density interaction on the triangular lattice, iJpci = 
U Eab E{ki_3} '^La^Lb^ksbA.a^ ^^ere k4 = ki + k2 - 



kg (mod Naga), and V'kb = e*''''"b(k)V4 gauge-fixed 
by e*'''', with |k) = V'kl'^)- ^fqh, we use color- 

entanglement boundary conditions 7. We find that the 
FCI model states are adiabatically connected to the ac- 
tual ground states: H\ remains gapped for A e [0, 1] and 
its ground states retain the characters of the FCI model 
states as seen in both overlaps and particle entanglement 
spectrum (Fig. [lj3-d) . As observed in [M| , the 6-boson 
state on 6 X 4 lattice has clear deviations from the usual 
Halperin state in the entanglement spectrum. Our FCI 
model state exactly reproduces these novel features. Note 
that the 8x4 lattice is closer to the thin-torus limit [JS] , 
resulting in smaller overlaps and Ai^ values. 

In this Letter, we introduce a Bloch basis for multicom- 
ponent LLL with rational number of fiuxes that entangles 
real and internal spaces on the one-body level. We estab- 
lish a Bloch-basis mapping between a Chern band with an 
arbitrary Chern number C on an arbitrary x Ny lattice 
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FIG. 1: Panel a) shows the overlaps O between our FCI 
model states and the ground states of the fermionic ruby and 
the bosonic triangular lattice models, as a function of the 
Hilbert space dimension d. Panels b-d) demonstrate the adi- 
abatic continuity between the triangular lattice model and 
the color-entangled Halperin pseudopotential Hamiltonian on 
6 x 4, 7 x 4, 8 x 4, and 6x6 lattices (f = 1/4 filling). We 
set U = 7.4237, 7.0003, 6.9677, and 5.0955 resp. to equalize 
the energy gaps at A = 0, 1. Panel b) shows the overlaps O 
between our FCI model states and the ground states of the 
interpolation Hamiltonian Hx . Panel c) shows the energy gap 
AE above the ground states of H\ . Panel d) shows the entan- 
glement gap of the ground states of H\ . is defined as 
the gap between the low-lying structure identical to the full 
entanglement spectrum of the model states (at A = 1) and 
the higher levels. By this definition, A^ is infinity at A = 1. 



and a C-component LLL with = N^Ny/C € Q fiuxes. 
This mapping leads to a novel scheme, which we call 
Bloch construction, to build FCI model states from color- 
neutral FQH Hamiltonians. It treats bosonic/fermionic 
FCI with arbitrary , Ny , C G Z in a wholesale fashion, 
and can handle large system sizes. The new gauge fixing 
in our basis significantly improves the overlaps with the 
actual ground states when curvature strongly fluctuates. 

We refer to the constructed FCI model states as 
the color- entangled Halperin states. They are distinct 
from the SU(C)-singlet Halperin states due to the color- 
entangled boundary conditions. When the lattice size 
is commensurate with C, the color- entangled states are 
the generalization of the usual Halperin states to color- 
dependent twisted boundaries. More generally, the lat- 
tice setup opens up access to the color- entangled, un- 
physical sectors of a multicomponent FQH system in a 
physical way. Our new formalism can be applied to the 
NASS states, and can be used to extract the exclusion 
principle for the counting of low-lying levels in the energy 
and the entanglement spectra. 
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